APPENDIX: DERIVATION OF THE EQUATIONS OF MOTION

Recall that the Lagrangian is given by £ : T(SO(3) x
T3) — R,

. . 1 A 1
L(RIK7 ¢7 RIK>1/}) = §th@Owh + 5 (wh + w’w)T
Ow(wh + wy) +mTg, (29)
with @y, = R?KRI k and w,, = w and where the tilde

denotes the skew symmetric operator mapping from R3 to
so(3) such that 9a = v x a, Va € R3. The configuration of
the Cubli is therefore given by the attitude, expressed by
the rotation matrix R;x € SO(3), and the wheel positions
parametrized by 1) € T3. For the definitions of the notations
please refer to the corresponding paper.

The principle of virtual action, i.e. the virtual work inte-
grated over time, states that the solutions to the equation of
motion (expressed in local coordinates by ¢, ¢) have to fulfill

te
/ (5L(q,d) + 5¢™ fup) dt = 0, (30)

to

for all variations d¢ which vanish at the endpoints, i.e. at
t =tp and t = t.. Since Ry € SO(3), variations of Rk
are constrained by

SR Rikx + Rix6Rx =0

and implies that R 0Rk is skew symmetric. Therefore
SR;k is parametrized by 6R;x = RyxdX, with ¥ € R3,
This allows to express the variations dwy, by
0wy, = 5RFIFKR]K + R?K5R[K
= 050, + @p65 + 05

and since it holds for the commutator [A, B] = AB — BA
that [@, b] = (a x b) we obtain

Swp, = 6% + wp, X 0. (31)

The virtual work of the non-potential forces, that is the
torque 1" applied to the reaction wheels, is given by
oW, = syTT.

Hence, from the principle of virtual action (30) with the
Lagrangian given by (29) it follows that

ow h aww

for all variations 6% € R? and dyp € R3. Note that the
tangent space of SO(3) and T? are both isomorphic to R3.
Inserting the expression of the variation of dwj, and using
integration by parts allows to state that

te _
/ ( oL owp, + %&uw + mT5ETg + (WTT) dt =0,
to

te
/ [(=p2, + L, @n — g m) 68 + (T = pl ) ov) dt

to

has to vanish for all 6% € R? and for all 3 € R3. Note that
the partial derivatives of the Lagrangian have been replaced

by the generalized momenta,

T
P 1= 25— O + O 32)
&uh
oc’™
Puw, = Oww = @w (Wh + Ww)~ (33)

From the fundamental lemma of the calculus of variations it
follows that

(34)
(35)

pwh = _‘:)hpw/,, + mgv
Dy = 1.

Since it holds for the gravity vector ¢ that B(é’) =0=
g + wp, X g, the motion of the Cubli can be described by

g=—wng, (36)
pw;,, = _(thwh + mg7 (37)
Pu, =T. (38)

However, this represents a reduced description of the attitude,
as the orientation around the gravity vector is not captured.



