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A B S T R A C T

This article presents a novel 3D inverted pendulum that can balance on one of its corners using only a single
reaction wheel. This is achieved by a careful design of the mass moment of inertia in such a way that the
inertia along the two principal tilt axes is significantly different. The consequence is a time-scale separation of
the underlying tilt dynamics, which renders the system controllable. We show that controllability is maximized
when the ratio of the two principal inertia values amounts to the square of the silver ratio and discuss a sensor
placement that minimizes variance in our tilt estimates. Both of these aspects lead to a principled design of
the system. A model is derived from first-principles and used for delay compensation, state estimation, and to
design a linear-quadratic regulator that stabilizes the highly underactuated system in its upright equilibrium.
Thereby, the modeling and compensation of cantilever deflections, which arise from the lightweight design,
is crucial. The article includes experimental results, which underline the efficacy of the system design and
highlight an excellent balancing performance of the proposed feedback controller.
. Introduction

The control of underactuated systems has a long history, with cars,
oats and planes being prominent examples. In many cases, the degrees
f freedom that are actuated indirectly are stable. More challenging,
nd arguably more interesting systems arise when these degrees of
reedom are unstable, such as the cart pole system [1], the Furuta
endulum [2], the double inverted pendulum [3] and the planar re-
ction wheel pendulum [4] (see [5] and references therein for more
xamples). This article pushes the boundary of what is possible yet
step further by introducing a three-dimensional inverted pendulum

ystem that is actuated with a single reaction wheel.
The system presented in this work is referred to as the One-Wheel

ubli and is depicted in Fig. 1. The name is inspired by its predecessor
ystem, the Cubli that is based on three reaction wheels (see [6]).
he One-Wheel Cubli has two main degrees of freedom, namely the
oll and pitch direction (the yaw direction is neglected), but only
ne control input. Naturally, the question arises of how it is possible
o simultaneously stabilize both degrees of freedom? The aim of this
rticle is to answer this question and discuss the methodology applied
o make the One-Wheel Cubli balance on its pivot.

Reaction wheel-based systems operate on the following principle:
ccording to Newton’s third law, a change in the momentum of the
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reaction wheel leads to a change in the angular momentum of the object
on which the reaction wheel is mounted. This means that reaction
wheels provide a control input in the form of a reaction torque that
can be used to actuate the angular velocity and attitude of an object.

In the case of the One-Wheel Cubli, this torque simultaneously
affects both the roll and pitch directions. However, when applying a
torque, the system reacts differently in the two degrees of freedom. Due
to the considerably larger mass moment of inertia in the pitch direction,
the response is slower compared to the roll direction that exhibits a
smaller inertia. As a consequence of this time-scale separation of the
associated dynamics, the system is controllable.

Reaction wheels are used to stabilize systems that operate in a plane,
such as the classical reaction-wheel-based inverted pendulum with one
degree of freedom (see [7]) and to control the attitude of 3D systems
containing multiple reaction wheels (see [6]). Different configurations
of the reaction wheel (or sphere) for 3D inverted pendulum systems are
investigated in [8]. In general, the control of each rotational degree
of freedom requires a reaction wheel. Sometimes, such as to control
the attitude of satellites, an additional reaction wheel is included for
redundancy reasons [9].

An important distinction has to be made between the working
principle of reaction wheels and control moment gyroscopes that are
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Fig. 1. The One-Wheel Cubli balancing on its pivot using a single reaction wheel mounted inside the housing. Two masses are attached to the ends of a cantilever beam, resulting
in a considerably higher rotational inertia in the pitch direction compared to the roll direction. As a consequence, the associated dynamics show a time-scale separation that makes
the system controllable. Sensory feedback of the attitude and body rates is provided by inertial measurement units. The system is powered from an external power supply. A video
showing the system during balancing can be found under: https://youtu.be/mjvJ6-KoqFM.
also used for attitude control of satellites (see [10]). Control moment
gyroscopes rely on high rotational speeds causing gyroscopic forces that
are used to stabilize the system. Reaction wheels on the other hand
typically operate at low rotational speeds with gyroscopic effects being
negligible.

Beside applications in the attitude control of satellites, we see an
educational value in the One-Wheel Cubli platform. The inverted pen-
dulum system represents a simple, yet challenging testbed for research
and education in the field of control (see [11]). With the One-Wheel
Cubli, we introduce a highly underactuated system that showcases the
concept of controllability. For this reason, this article has a tutorial
character to hopefully make the applied concepts accessible.

1.1. Contribution

The contributions of this paper are as follows:
We present the first 3D inverted pendulum that can be stabilized

about its upright (unstable) equilibrium with a single reaction wheel.
The design of the system is based on a careful controllability analysis:
It is shown that a measure of controllability (which will be defined
below) is maximized if the ratio of the natural frequencies of the tilt
dynamics amounts to the silver ratio. In other words, by designing the
system to have a significantly different inertia in the two principal
directions, a time-scale separation follows, which makes the system
controllable. The realization of the pendulum is presented and we
highlight important aspects related to the lightweight structures and
materials employed.

Sensory feedback is provided by five inertial measurement units
(IMUs). We place the IMUs in such a way that the variance of the
resulting tilt estimate is approximately minimized. This leads to a
design where four IMUs are placed close to the pivot point and one IMU
is placed far away. The tilt estimate obtained from the accelerometers is
also fused with the readings of the gyroscope, which further improves
the quality of the estimate.

A non-linear model of the system is derived and its linearization
forms the basis of our estimation and control approach. The resulting
feedback controller stabilizes the system in the upright position, is
2

robust to disturbances, and avoids exciting structural resonances that
stem from the lightweight design. The model is also used to compensate
for communication delays in a systematic way.

Finally, an experimental evaluation shows that the One-Wheel Cubli
can reliably balance on its pivot point and reject disturbances that
are applied manually. We also study the sensitivity of the closed-loop
balancing performance with respect to inaccuracies in our first princi-
ples model. In particular, we show how the closed-loop performance is
affected by a model parameter that is related to the cantilever stiffness
and find that a parameter mismatch results in structural oscillations,
which impair the control performance.

1.2. Outline

The remainder of this article is organized as follows: Section 2
presents a controllability analysis, which sets the stage for the design
of the One-Wheel Cubli as presented in Section 3. The dynamics are
introduced in Section 4, followed by the estimation and control design
in Sections 5 and 6, respectively. The results are presented in Section 7
and a conclusion is drawn in Section 8.

Notation: Real numbers are denoted by R and vectors are expressed
as n-tuples (𝑥1, 𝑥2,… , 𝑥𝑛) with dimension and stacking clear from the
context. The body fixed coordinate system is denoted by 𝐴 and 𝐴𝑥
refers to the coordinates of the vector 𝑥 expressed in frame 𝐴. A rotation
matrix from the inertial frame to the body frame is given by 𝐴AI (see
Appendix A for more details). The Euclidean norm is referred to as | ⋅ |
and ‖ ⋅ ‖ denotes the 𝐿2-norm.

2. Controllability analysis

This section discusses the controllability of an inverted pendulum
with two degrees of freedom that is actuated by a single reaction wheel.
We will not only show that such a system is controllable about its unsta-
ble upright equilibrium, but also quantify the degree of controllability.
We will derive the important result that controllability is maximized
when (i) the ratio between the two natural frequencies of the two
degrees of freedom corresponds to the silver ratio, that is 1 +

√

2, and

https://youtu.be/mjvJ6-KoqFM
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(ii) the reaction wheel is aligned in a 45◦ angle with respect to the
principal axes of inertia of the housing. This will guide the design of
the system, which includes the placement of the reaction wheel and the
mass distribution of the overall system in Section 3. A brief summary
of the controllability analysis is provided here. For an in-depth analysis
that includes detailed derivations, the reader is referred to [12].

As will be derived in Section 4, the dynamics of an inverted pendu-
lum with two degrees of freedom and a single reaction wheel are given
by

𝛼̈(𝑡) = 𝜋2
𝛼 𝛼(𝑡) + 𝜎𝜋2

𝛼 cos(𝜂)𝑇m(𝑡) (1)

𝛽(𝑡) = 𝜋2
𝛽 𝛽(𝑡) + 𝜎𝜋2

𝛽 sin(𝜂)𝑇m(𝑡), (2)

where 𝛼(𝑡) and 𝛽(𝑡) denote the two inclinations about the two tilt
axes. The constants 𝜋𝛼 , 𝜋𝛽 > 0 are the natural frequencies of the two
degrees of freedom, 𝑇m stands for the input torque and 𝜎 for a related
roportionality constant. The angle 𝜂 describes how the reaction wheel
s oriented in relation to the principal axes of the housing’s inertia
ensor. For symmetry reasons it is sufficient to consider 𝜂 ∈ [0, 𝜋∕2].
or 𝜂 = 0 the wheel is oriented along the first principal axis, which is
elated to 𝛼, and for 𝜂 = 𝜋∕2 the wheel is oriented along the second
rincipal axis, which is related to 𝛽. We conclude immediately that the
ystem is uncontrollable if 𝜂 = 0 or if 𝜂 = 𝜋∕2. We also conclude from
he symmetry between (1) and (2) that the system is uncontrollable
hen 𝜋𝛼 = 𝜋𝛽 .

For the following considerations, it will be convenient to introduce
he system’s state 𝜉(𝑡) ∶= (𝛼(𝑡), 𝛼̇(𝑡), 𝛽(𝑡), 𝛽̇(𝑡)). We use the volume of

∶=
⋃

‖𝑇m‖

2≤1

{

𝜉(0) ∈ R4 ∣ 𝜉(𝑡) satisfies (1) and (2),

lim
𝑡→∞

𝜉(𝑡) = lim
𝑡→−∞

𝜉(𝑡) = 0
}

, (3)

to quantify the degree of controllability. The set 𝑋 describes the re-
gion of the state space that can be reached with unit control energy
provided that the system starts and returns to the origin.1 This gen-
eralizes the classical concept of controllability Gramians to unstable
systems, [13]. We also note that vol(𝑋) = 0 if and only if the system is
uncontrollable. An alternative approach to quantify controllability in a
systematic manner is to use the closed-loop performance resulting from
an optimal control design (e.g. ∞ or 2). While this is a perfectly
viable approach, it relies on an additional disturbance model that
characterizes specific sensor and actuator characteristics. Our metric,
vol(𝑋), however, does not rely on such an additional disturbance model
and captures the transient behavior of the dynamics. Other ad-hoc mea-
sures such as the minimum singular value of the controllability matrix
are problematic, since they are not invariant to a linear coordinate
transformation.

The perhaps surprising fact is that an expression for the volume
vol(𝑋) can be computed in closed form. As is shown in [12] we obtain

vol(𝑋) ∼
(

𝜎 sin(𝜂) cos(𝜂)
𝜋𝛼𝜋𝛽
4

𝜋𝛼 − 𝜋𝛽
𝜋𝛼 + 𝜋𝛽

)2
. (4)

Without loss of generality we assume that 0 < 𝜋𝛽 ≤ 𝜋𝛼 and decompose
the above expression into the following four parts

vol(𝑋) ∼ 𝜎2 (sin(𝜂) cos(𝜂))2
(𝜋𝛼

4

)2 (
𝜖 1 − 𝜖
1 + 𝜖

)2
, (5)

here 𝜖 = 𝜋𝛽∕𝜋𝛼 . The first part, 𝜎2, increases for larger 𝜎 and the second
art, (sin(𝜂) cos(𝜂))2, is maximized for 𝜂 = 𝜋∕4. The third part increases
or larger 𝜋𝛼 and the fourth part captures the tradeoff between the two
ime constants 𝜋𝛼 and 𝜋𝛽 and is maximized for 𝜖 =

√

2 − 1 (the inverse
of the silver ratio). The corresponding graph is shown in Fig. 2.

1 Strictly speaking, we are evaluating the region of the state space that can
e reached at time 𝑡 = 0. However, since the dynamics are time-invariant, the
ame region can be reached at any 𝑡 ≠ 0.
3

Fig. 2. The figure shows the function 𝜖(1 − 𝜖)∕(1 + 𝜖) for 𝜖 ∈ (0, 1], where 𝜖 = 𝜋𝛽∕𝜋𝛼
is the ratio between the two natural frequencies. The function is concave for 𝜖 ∈ (0, 1]
and attains its maximum at 1∕𝛿s, where 𝛿s = 1 +

√

2 denotes the silver ratio.

The reason for the tradeoff can be motivated by the following
two competing mechanisms: (i) When considering the dynamics (1) in
isolation it turns out that controllability increases (in the above sense)
for larger 𝜋𝛼 , since 𝜋𝛼 not only affects the natural frequency, but also
he way the torque 𝑇m enters (1). (ii) Due to the coupling between
1) and (2), controllability (in the above sense) deteriorates when 𝜋𝛽
pproaches 𝜋𝛼 .

We therefore conclude:

(i) The parameter 𝜎 should be as large as possible.
(ii) The orientation of the reaction wheel should be roughly 𝜂 = 𝜋∕4.

(iii) The larger of the two natural frequencies (𝜋𝛼) should be as large
as possible. This is of course subject to other constraints, such
as the bandwidth of the actuation and sensors, the structural
properties of the housing (as discussed in Section 4), and the
sampling time of the digital control system.

(iv) Once the larger of the two natural frequencies is fixed, the other
should be chosen such that a ratio of approximately

√

2−1 is
achieved.

The controllability analysis therefore has important implications for the
design of the system. The latter will be the subject of the next section.

3. Design

This section presents the design of the One-Wheel Cubli and is
divided into three parts; the first part discusses the mechanical system,
while the second part presents the electrical and electronic systems.
The question of how to optimally place the inertial measurement units
(IMUs) on the One-Wheel Cubli is addressed in the final part of this
section.

3.1. Mechanical design

The controllability analysis presented in the previous section forms
the basis for the mechanical design of the One-Wheel Cubli. The system
consists of the housing, a reaction wheel, an electric motor and a
cantilever beam with two masses at its ends.

The ratio of the natural frequencies is given by the silver ratio
and the orientation of the reaction wheel should be 45◦. However, the
maximization of 𝜎 and 𝜋𝛼 does not directly translate to design speci-
fications. If we assume that the cantilever beam is infinitely stiff and
we neglect the mass and inertia of the reaction wheel, we can derive
simplified expressions for the parameters 𝜎 and 𝜋𝛼 (see Appendix B for
the detailed expressions). Based on this simplifications, the following
relations hold,

𝜎 ∼ 1 , 𝜋2 ∼ 1 , (6)

𝑙 𝑚 𝛼 𝑙
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where 𝑙 denotes a characteristic length from the pivot to the location
f the mass and 𝑚 denotes a characteristic mass of the system. We con-
lude that 𝜎 is inversely proportional to both a characteristic length and

mass of the system and 𝜋2
𝛼 is inversely proportional to a characteristic

length of the system. Note that 𝜋𝛼 is independent of the mass of the
ystem, because both the rotational inertia and the torque that arises
rom gravity depend linearly on the mass, which consequently cancels.
s a consequence, the requirements that 𝜎 and 𝜋𝛼 should be maximized,

ranslate to the system being as compact and lightweight as possible.
Based on these specifications we will discuss the design of the One-

heel Cubli in detail: The housing is made of several plate-shaped
arbon elements that are connected by 3D printed adapter parts. The
enter plate of the housing is made of aluminum to improve the heat
issipation of the motor. All plate-shaped parts are thinned out to
educe their weight. The size of the housing is minimized, but chosen to
e sufficiently large to contain the reaction wheel, the electric motor,
n embedded platform and multiple sensors (see Fig. 1).

The reaction wheel is attached to the electric motor that is fixed
o a milled motor mount made from steel and attached to the center
late of the housing. The axis of rotation of the reaction wheel forms
45◦ angle with the roll and pitch directions as required. The reaction
heel is aligned with the diagonal of the center plate and the electric
otor is located next to the diagonal. Therefore, the center of mass of

he overall system is slightly shifted in the horizontal plane towards the
otor and is not vertically located above the pivot point. A calibration
rocedure to compensate for this effect is discussed in Section 6.

The inertia of the reaction wheel should be as high as possible to
inimize the rotational speed of the motor during operation. Its weight

nd size should be as small as possible according to (6). Simulation
tudies, as discussed in Section 7.1, are carried out to investigate this
rade off and identify a suitable dimensioning of the reaction wheel.

Once the housing and reaction wheel are designed, the additional
nertia in the pitch direction (i.e. the 𝛽-direction) can be determined
uch that the ratio of the natural frequencies of the tilt dynamics is
lose to the silver ratio. Therefore, two end masses are attached with a
antilever to the housing. They significantly increase the inertia in the
itch direction, but only mildly increase the inertia in the roll direction
i.e. the 𝛼-direction). Since, only the ratio of the inertia is given, the
eight and location of the end masses are not yet determined. There is
trade off between the overall weight of the system and its structural

ntegrity. While light end masses that are placed at a great distance
rom the housing can reduce the overall weight of the system, the
ong cantilever beams might compromise the structural rigidity of the
ystem. End masses of 0.3 kg and a total length of the cantilever of
.25m (measured from one end mass to the other) represent a good
ompromise between a low overall weight and sufficient structural
igidity. The resulting weight of the overall system is 1.937 kg. A

supporting triangle is attached to the cantilever and housing to prevent
bending of the cantilever in the direction of gravity.

3.2. Electrical and electronic design

The reaction wheel is actuated by a brushless electric motor (EC
60 flat 200W from Maxon). The motor weighs 360 g, is operated at
48V and can provide a continuous output torque of 0.5Nm and a peak
torque of maximum 3.4Nm. The continuously available output torque
is determined by the size of the motor, where an integrated ventilator
increases the continuous operation range. Exceeding the continuous
operation range is possible for short amounts of time, but causes the
motor and particularly the windings to overheat, which could damage
the motor. Increasing the motor size and consequently the continuously
available torque, comes at the cost of a greater motor weight. Hence,
there is a tradeoff between the available torque and the resulting weight
of the motor.

The motor includes an integrated Hall sensor which provides the
4

angular velocity of the motor. The motor is operated by a motor
Fig. 3. A schematic overview of the electrical and electronic components of the system.
The embedded platform including the microcontroller, the IMUs and the brushless EC
motor are mounted onboard, while the motor controller is placed offboard. Onboard
data is visualized with a graphical user interface (GUI) executed offboard on a laptop
computer. Communication between the microcontroller and the motor controller is
implemented via the CANopen protocol and the communication with the IMUs is
provided by the I2C protocol. IMU and motor data are sent to the GUI via UART
serial communication.

controller (EPOS4 50/15 from Maxon) and includes a current controller
and tracks commanded torque setpoints. It also includes an overheat
protection that limits the available torque when exceeding the contin-
uous range to avoid any damage. The friction torque of the motor was
observed to be negligible. A shunt regulator (DSR 70/30 from Maxon)
is deployed to purge induced voltage when the motor is acting as a
generator. A power supply (SM45-140 from Delta Elektronika) is used
to power the motor controller.

The detailed electrical and electronic setup is shown in Fig. 3. A
custom embedded platform comprising an STM32F407VGTx microcon-
troller meets the on-board computation requirement. Sensory feedback
is provided by five 6-axis inertial measurement units (MPU-6050 from
InvenSense).

3.3. IMU placement

The tilt estimation algorithm presented in [14] is used to estimate
the attitude (except for yaw) of the One-Wheel Cubli from accelerom-
eter data. It exploits the fact that there is a non-accelerated pivot
point. It is convenient to represent the attitude using the gravity vector
represented in the body fixed frame, 𝐴𝑔 . All variables in the following
derivation are expressed in the body frame 𝐴 and the subscript is omit-
ted for better readability. An estimate for 𝑔 is given by the minimizer
of the following optimization problem (see [14,15])

arg min
𝑔∈R3 , 𝛷∈R3×3

𝑀
∑

𝑖=1
|𝑚i −𝛷𝑟i + 𝑔|2, (7)

here 𝑚i denotes the 𝑖th accelerometer measurement, 𝑟i denotes the
osition of the 𝑖th accelerometer with respect to the pivot, and 𝑀
enotes the total number of IMUs. For the following derivation it is
seful to express the position of each accelerometer by 𝑟i = 𝑟̄ + 𝑟i
here 𝑟i is such that 𝑟1 + ⋯ + 𝑟M = 0 and 𝑟̄ is the average position.
he optimization problem (7) arises from the kinematics of a rigid
ody with a fixed pivot, whereby the matrix 𝛷 contains angular and
entripetal acceleration terms and is of no further interest here. The
stimation via (7) can be interpreted within the maximum likelihood
ramework, see [15], and its solutions can be computed in closed form:

𝑔̂ = −
𝑀
∑

𝑖=1
𝜏 i𝑚i, 𝜏 i ∶=

1
𝑀

− 𝑟⊤𝑖

( 𝑀
∑

𝑗=1
𝑟j 𝑟

⊤
𝑗

)−1

𝑟̄. (8)

Hence, the estimate 𝑔 is a weighted sum of the different sensor mea-
surements. If we assume that each sensor is corrupted by isotropic
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a
b
p
d

zero-mean noise with unit variance, whereby the noise is indepen-
dent across the components of {𝑚1,… , 𝑚M}, we obtain the following
closed-form expression for the variance of 𝑔̂

Var{𝑔̂} =
𝑀
∑

𝑖=1
𝜏 i

2 = 1
𝑀

+ 𝑟̄⊤
( 𝑀
∑

𝑖=1
𝑟i 𝑟

⊤
𝑖

)−1

𝑟̄, (9)

here we have exploited the fact that 𝑟1 +⋯ + 𝑟M = 0. The expression
onsists of two terms: The first term captures the 1∕𝑀 reduction of the
ensor noise due to the fact that there are 𝑀 sensors. The second term
rises from the compensation of angular and centripetal accelerations,
hich is implicit in (7) and strongly depends on the size of |𝑟̄|. For

̄ = 0 the compensation of angular and centripetal acceleration terms
oes not induce additional uncertainty. Expression (9) also points to
he fact that an estimation via (7) is only possible if there are at least
our sensors, which are not aligned in a plane, [14]; otherwise (9) is
nbounded.2

We can now optimize the placement of the IMUs such that the
ariance in the attitude estimate is reduced. According to (9), we should
hoose a configuration where the ‘‘average’’, 𝑟̄, is small and the ‘‘vari-
nce’’, 𝑟1 𝑟

⊤
1 +⋯+𝑟M 𝑟⊤𝑀 , is large. We therefore decide to place four IMUs

lose to the pivot point and one IMU as far away as possible from the
ivot. The four IMUs close to the pivot are aligned in a square. This not
nly simplifies manufacturing but symmetric placements along regular
olygons should also be preferred over non-symmetric placements —
n additional in-depth discussion of this fact can be found in [15]. Note
hat the variance of the gyroscope measurements is not affected by the
lacement of the IMUs.

. Modeling

The modeling of the One-Wheel Cubli is presented in this section
nd results in a linear time-invariant state space model that forms
he basis for the derivation of the estimation and control approaches.

e consider the One-Wheel Cubli as the combination of four rigid
odies, namely the housing, the reaction wheel and the two end masses
ttached to cantilever beams. The system has four main degrees of
reedom: These are the roll (𝛼), pitch (𝛽) and yaw (𝛾) angles and
he rotational degree of freedom of the reaction wheel (𝜑). As a
onsequence of the lightweight design, the cantilever beams with the
nd mass introduce a limited, but unneglectable degree of freedom
orresponding to a bending motion in the horizontal direction. These
eam deflections are denoted by the variables, 𝛿1, 𝛿2. The free-body
iagram forms the basis of the model derivation and is shown in Fig. 4.

The nonlinear dynamics are derived using Lagrangian mechanics
nd presented in Appendix A. The result is a set of nonlinear equations
f motion,

̇ = 𝑓 (𝑥, 𝑢), 𝑢 = 𝑇m,

=
(

𝛼, 𝛼̇, 𝛽, 𝛽̇, 𝛾, 𝛾̇ , 𝜑, 𝜑̇, 𝛿1, 𝛿̇1, 𝛿2, 𝛿̇2
)

∈ R12,
(10)

here 𝑥 denotes the state and 𝑢 the control input, i.e. the motor torque
cting on the reaction wheel.

The nonlinear model serves as the basis for the simulation en-
ironment as discussed in Section 7.1. For estimation and control
urposes, the dynamics are linearized about 𝑥̄ = 0 and 𝑢̄ = 0 and a
odel reduction is performed to obtain a more compact state space

epresentation. The motivation is twofold: Firstly, the dynamics are
ndependent of 𝜑 for which reason it is eliminated. Secondly, the
aw dynamics are only affected by the cantilever deflection states.
owever, there is only an interaction between the yaw dynamics with

he cantilever deflections if both end masses move in the same direction
in a clockwise or counterclockwise direction around the vertical axis)

2 It is important to note that by construction, 𝑟1+ 𝑟2+⋯+ 𝑟M = 0. Moreover,
a slightly more elaborate algorithm exists, [15], that can estimate attitude even
when 𝑀 = 3.
5

c

for symmetry reasons. We assume that this interplay between the end
masses and the yaw dynamics can be excluded. The validity of this
assumption will be verified in the experimental investigation discussed
in Section 7.2. Hence, the states related to the yaw dynamics (𝛾 and 𝛾̇)
re assumed to be zero for all times and excluded from the model. The
inearized, reduced order model is given by

̇ =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 1 0 0 0 0 0 0 0
57.7 0 0.1 0 0 ∗ 4.6 ∗ −4.6
0 0 0 1 0 0 0 0 0
0 0 10.6 0 0 75.8 0 −75.8 0

−40.9 0 −7.5 0 0 ∗ −3.2 ∗ 3.2
0 0 0 0 0 0 1 0 0

−4.2 0 0 0 0 ∗ −19.8 ∗ −12.6
0 0 0 0 0 0 0 0 1
4.2 0 0 0 0 ∗ −12.6 ∗ −19.8

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

𝑥 +

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0
−20.7
0

−2.3
1122
0
7.4
0

−7.4

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

𝑢,

(11)

where certain (large) entries related to 𝛿1 and 𝛿2 are omitted (∗) for
better readability. Firstly, we see that if we neglect the coupling term
between 𝛼̈ and 𝛽 in the second row (which is an order of magnitude
smaller) and assume the states related to the cantilever deflections are
zero (this is equivalent to an infinitely stiff cantilever), the dynamics
are indeed of the forms (1) and (2). Secondly, we verify that

𝜖 =
𝜋𝛽
𝜋𝛼

=
√

10.6
57.7

= 0.43 ≈ 1
𝛿s

=
√

2 − 1. (12)

Consequently, we can conclude that the targeted silver ratio of the nat-
ural frequencies of the two principal degrees of freedom as presented
in Section 2 is approximately fulfilled. The lower natural frequency is
0.5Hz and the higher natural frequency is 1.2Hz.

The state and control input are normalized and the system is dis-
retized with a sampling time of 𝑇 s = 10ms,

𝑥(𝑘) = 𝐴𝑥(𝑘−1) + 𝐵𝑢(𝑘)

𝑥(𝑘) =
(

𝛼, 𝛼̇, 𝛽, 𝛽̇, 𝜑̇, 𝛿1, 𝛿̇1, 𝛿2, 𝛿̇2
)

∈ R9

𝑢(𝑘) = 𝑢(𝑇 s𝑘),

(13)

where 𝑢(𝑘) denotes the discrete-time control input at time index 𝑘
btained from a zero-order hold applied to the continuous-time control
nput. The time indexes of the entries of the state are omitted for better
eadability.

. Estimation

Sensory feedback is provided by five IMUs each featuring a 3-axis
ccelerometer and a 3-axis gyroscope. The attitude of the One-Wheel
ubli can be estimated based on the accelerometer measurements and
he angular velocity (body rate) from the gyroscope measurements. In
he first part of this section, we present a calibration procedure to
mprove and fuse the raw sensor measurements. A complementarity
ilter to improve the signal to noise ratio of the attitude measurement
s discussed in a second part. In a third step, we will introduce a
alman filter for estimating the cantilever states, which are not di-
ectly measured. We will also use the Kalman filter to compensate for
ommunication delays.

.1. IMU calibration

The goal is to obtain an estimate of the attitude based on the raw
ccelerometer measurements and an estimate of the angular velocity
ased on the raw gyroscope measurements. This includes the com-
ensation of bias and scale errors in the accelerometer reading and
etermining the orientation of the IMUs relative to the body fixed

oordinate system 𝐴.
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Fig. 4. The free-body diagram of the One-Wheel Cubli, where the two end masses are represented by the black rectangles: The Euler angles 𝛼, 𝛽, 𝛾 parameterize the attitude of
the housing. The pivot point is denoted by 𝑂 and the reaction wheel is attached to the housing in point 𝑃 . The center of mass of the housing (without reaction wheel and end
masses) is located at 𝑆 and the cantilevers are connected to the housing at point 𝑄. The axis of rotation of the reaction wheel is aligned with the 𝑒𝐷𝑥 -axis that is obtained by a
rotation of 𝜂 = 𝜋∕4 around the 𝑒𝐴𝑧 -axis. The degree of freedom of the reaction wheel is denoted by 𝜑. The vector with the motor torque acting on the reaction wheel is denoted by
𝑇𝑤 and the reaction torque acting on the housing is denoted by 𝑇 ℎ,𝑇 . Two end masses (of mass 𝑚e) are located at the end points of the cantilever at 𝐸1 and 𝐸2 and are treated
as point masses. The bending deflections of the cantilever beams are denoted by 𝛿1 and 𝛿2. A torsional spring and damping coefficient is introduced to model the oscillatory
behavior of the cantilever (identical for both cantilevers). Only the right cantilever is cut free, where 𝑇 ℎ,D2 denotes the damping torque acting on the housing and 𝑇 e2 its reaction
torque acting on the end mass 𝑒2. The inertia tensor of the housing (without end masses and reaction wheel) with respect to the pivot point 𝑂 is denoted by 𝛩̄ℎ

𝑂 and the mass of
the housing is 𝑚 . The mass of the reaction wheel is denoted by 𝑚w and its inertia tensor with respect to 𝑃 is denoted by 𝛩̄𝑤

𝑃 . The gravity vector points in negative 𝑒𝐼𝑧 -direction.
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The matrix consisting of the IMU weights 𝜏1,… , 𝜏M, see Section 3.3,
q. (8), is given by

=
[

𝐼3𝜏1 … 𝐼3𝜏M
]

∈ R3×15. (14)

ote that 𝛬 depends on the IMU locations 𝑟1,… , 𝑟M. The raw ac-
elerometer and gyro measurements of IMU 𝑖 at time step 𝑘 are referred
o as 𝑚i(𝑘) ∈ R3 and 𝜔i(𝑘) ∈ R3, respectively. An estimate of the
cceleration of the One-Wheel Cubli at time step 𝑘 expressed in the
ody fixed coordinate system is given by

𝑔̂ (𝑘) = 𝛬

⎡

⎢

⎢

⎢

⎣

𝐴AH1
⋱
𝐴AH𝑀

⎤

⎥

⎥

⎥

⎦

diag
(

𝑠1,… , 𝑠M
)

⎛

⎜

⎜

⎜

⎝

H1
𝑚1(𝑘) + 𝑏1

⋮

H𝑀
𝑚𝑀 (𝑘) + 𝑏M

⎞

⎟

⎟

⎟

⎠

, (15)

here 𝑏i ∈ R3 and 𝑠i ∈ R3 denote the unknown accelerometer bias
nd scale error of IMU 𝑖 and 𝐴AH𝑖

denotes the rotation matrix from the
coordinate system of IMU 𝑖 (denoted as 𝐻𝑖) to the body fixed coordinate
system 𝐴. The bias of each accelerometer measurement is compensated
and its scale error corrected. The local measurement is transformed to
the body frame and fused according to 𝛬.

The angular velocity of the One-Wheel Cubli is obtained from

𝐴𝜔̂(𝑘) = 1
𝑀

𝐿
∑

𝑖=1
𝐴AH𝑖 H𝑖

𝜔𝑖(𝑘), (16)

where the measurement of each IMU is rotated into the body fixed
coordinate system and combined with equal weight. The offsets in the
gyroscope measurements change over time. Hence, they are identified
during start up (by averaging the readings while the system is at rest)
and compensated for during operation.

We identify the unknown accelerometer bias and scale error of each
IMU, the rotation matrix for each IMU and the IMU locations in a
first step. A procedure to address a possible drift of the accelerometer
bias (see e.g. [16]) is discussed in Section 6. A supervised learning
approach is applied with ground truth data of the acceleration and
6

v

angular velocity provided by means of a Vicon motion capture system.
The acceleration reference is denoted as 𝐴𝑔𝑟𝑒𝑓 and the angular velocity
reference is denoted as 𝐴𝜔𝑟𝑒𝑓 . A data set of size 𝑁 is collected with the
One-Wheel Cubli being tilted in different directions and the pivot point
being in contact with the ground. The raw IMU measurements and the
motion capture reference are recorded.

For each IMU, the unknown accelerometer bias, 𝑏i, and scale pa-
rameters, 𝑠i, the rotation matrices from IMU frames to body fixed
oordinate system, 𝐴AH𝑖

and the IMU locations, 𝑟i, affecting the fusion
weights are determined by solving the following optimization problem

arg min
𝑏i , 𝑠i , 𝑟i∈R

3

𝐴AH𝑖
∈𝑆𝑂(3)

𝑖=1,…,𝑀

1
𝑔0

𝑁
∑

𝑘=1
|𝐴𝑔𝑟𝑒𝑓 (𝑘) − 𝐴𝑔̂ (𝑘)| +

𝑁
∑

𝑘=1
|diag(1, 1, 0)(𝐴𝜔𝑟𝑒𝑓 (𝑘) − 𝐴𝜔̂(𝑘))|

(17)

here the acceleration data is normalized by 𝑔0 and only the 𝑥-𝑦-
omponents of the angular velocity are considered. The dependency on
he variables being optimized is given by (15) and (16). A downhill-
implex-method is used to solve the optimization problem, where the
otation matrices are represented as rotation vectors for dealing with
he constraint 𝐴AH𝑖

∈ 𝑆𝑂(3). An initial guess for all optimization
ariables is required. The IMU locations and the rotation matrices
an initially be estimated from the CAD model and all bias and scale
arameters are set to zero and one, respectively.

.2. Complementarity filter

A complementarity filter is used to reduce measurement noise of the
ttitude estimate, 𝐴𝑔̂ , by fusing it with angular velocity measurements,
𝜔̂. The idea is simple: integrating the gyro measurements over time
ives an estimate that shows little measurement noise, but introduces
ensor drift. The fusion of the accelerometer and gyro-based tilt esti-
ates therefore yields an improved estimate with no drift, and little

ariance.
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𝑥

Starting from our tilt estimate at time 𝑘, we integrate the attitude
kinematics and incorporate the angular velocity, 𝐴𝜔̂(𝑘), which yields
a gyro-based attitude estimate for time 𝑘 + 1. This estimate is then
interpolated with the accelerometer-based estimate 𝐴𝑔̂ (𝑘+1), see [17],
and gives the final tilt estimate at time 𝑘+1. The weight corresponding
to the accelerometer estimate is set to 0.02 and the weight corre-
sponding to the gyro estimate is set to 0.98. From the fused attitude
estimate, the Euler angles 𝛼 and 𝛽 that are used in the following sections
are computed. Similarly, 𝛼̇ and 𝛽̇ are computed from 𝐴𝜔̂. A detailed
discussion of the complementarity filter algorithm can be found in [18].

5.3. Kalman filter

A Kalman filtering approach is discussed in this section. The mo-
tivation is twofold: On the one hand, the Kalman filter provides us
with estimates for the cantilever deflections, which are not measured
directly (see [19] for a detailed discussion). On the other hand, the
Kalman filter can also be used to compensate measurement delays
(see [20] for a detailed discussion).

Note that the complementarity filter discussed in the last section
could in principle be incorporated in the Kalman filter. However, our
approach has the advantage that each building block (Kalman filter
and complementarity filter) can be tuned separately and adapted for
its specific purpose.

The measurement delay is identified for both the IMU and the motor
encoder and it corresponds to approximately one time step (10ms). A
compensation approach similar to the one presented in [21] is applied.
Therefore, we introduce the augmented state, 𝑥̃ ∈ R14, that includes
the directly measured state variables delayed by one time step,

𝑥̃(𝑘) =
(

𝑥(𝑘), 𝛼(𝑘−1), 𝛼̇(𝑘−1), 𝛽(𝑘−1), 𝛽̇(𝑘−1), 𝜑̇(𝑘−1)
)

. (18)

The measurement model can then be stated as,

𝑧(𝑘) =
[

05 × 9 𝐶
]

⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟
𝐶̃

𝑥̃(𝑘), 𝐶 =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0
0 0 1 0 0
0 1 0 0 0
0 0 0 1 0
0 0 0 0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (19)

where 05 × 9 denotes a matrix of zeros with the size as specified.
Similarly, the augmented 𝐴̃ and 𝐵̃ matrices are defined as,

𝐴̃ =
[

𝐴 09 × 5
𝐼5 05 × 9

]

∈ R14×14, 𝐵̃ =
[

𝐵
05 × 1

]

∈ R14, (20)

where 𝐼5 denotes the identity matrix of size 5.
We checked that the observability matrix of the augmented system

has full rank, which confirms that the augmented system is observable.
A steady-state Kalman filter is designed for the linear time-invariant
system providing an estimate of the augmented state, i.e.

̂(𝑘) = (𝐼14 − 𝐿𝐶̃)𝐴̃𝑥̂(𝑘−1) + (𝐼14 − 𝐿𝐶̃)𝐵̃𝑢(𝑘−1) + 𝐿𝑧(𝑘), (21)

where 𝑥̂(𝑘) denotes the state estimate at time 𝑘 and 𝐿 the steady state
Kalman filter gain. The results of the IMU calibration procedure and
the complementarity filter approach provide an initial guess for the
measurement noise covariance. The identification of the process noise
covariance is done in simulation and refinements of the tuning are
done during the experimental evaluation as discussed in Section 7. The
observability of the system and the positive definiteness of the process
noise covariance (see Section 7.2) guarantee that the estimation error
dynamics are stable (see [19]).

6. Control

The control approach of the One-Wheel Cubli is presented in this
section. The stabilizability of the pair (𝐴̃, 𝐵̃) can be verified by using the
7

Popov-Belevitch-Hautus test. Note that the system is not controllable,
as the states related to the cantilever deflection can only be stabilized
to zero, but not controlled to a nonzero value.

The One-Wheel Cubli is an underactuated system with one control
input to stabilize fourteen states, out of which two states are unstable
and one is marginally stable (five states are introduced by the state aug-
mentation for the delay compensation). The linear-quadratic regulator
(see [22] for a detailed discussion) is a suitable choice since it allows us
to exploit the couplings in the dynamics through the linear description
of the system. The control input is computed as a function of the state
estimate given by the Kalman filter,

𝑢(𝑘) = −𝐾 𝑥̂(𝑘), (22)

where 𝐾 results from solving the associated discrete time algebraic
Riccati equation. Since the state includes the cantilever deflection
angles and velocities, it permits us to penalize a potential excitation of
cantilever oscillations. A small cost is assigned to the additional states
𝛼(𝑘−1), 𝛼̇(𝑘−1), 𝛽(𝑘−1), 𝛽̇(𝑘−1), 𝜑̇(𝑘−1) that form the augmented state.
The detailed tuning of the controller is discussed in Section 7.

Note that since the system is stabilizable and both weighting ma-
trices of the linear-quadratic regulator are positive definite (see Sec-
tion 7.2), the resulting closed-loop system is guaranteed to be stable.
As a consequence of the separation principle, the combination of the
steady-state Kalman filter and the linear-quadratic regulator is also
guaranteed to be stable (for more details see [22]).

As mentioned in Section 3.1, the center of mass is slightly off-center.
Additionally, the effect of the cabling (e.g. for powering the motor) can
further affect the center of mass and changes between experiments.
Therefore, the center of mass is estimated by low pass filtering the
angles (𝛼, 𝛽). The estimate of the center of mass (𝛼CoM, 𝛽CoM) is then
subtracted from the estimated angles (𝛼, 𝛽). This strategy has the same
effect as adding an integrator to the wheel velocity, but has the ad-
vantage of providing the estimates 𝛼CoM, 𝛽CoM, which have a clear
physical interpretation. As a consequence, we can guarantee that the
wheel speed averages to zero when the One-Wheel Cubli balances in an
upright position. Note that this procedure can also compensate for drifts
of the accelerometer bias, which are not addressed by the calibration
procedure discussed in Section 5.1.

7. Results

7.1. Simulation

A simulation environment is developed based on the nonlinear
dynamical model presented in Section 4. The simulation environment
also includes the thermal overheat protection of the motor, commu-
nication delays and the measurement noise. The Kalman filter and
linear-quadratic regulator close the loop of the simulation environment.

The simulation environment is particularly important during the
design phase of the One-Wheel Cubli, since it allows for a principled
selection of the electric motor. The available motor torque depends
on the weight of the motor that again affects the closed-loop behavior
and consequently the required torque to stabilize the system. Hence, a
simulation environment is indispensable to analyze these interactions.
Furthermore, simulating the closed-loop behavior reveals to what ex-
tend the required torque exceeds the continuously available torque and
if there are any overheating issues. The sizing of the reaction wheel
is also investigated in simulation. Increasing the inertia of the wheel
reduces the wheel speed, but also increases the weight of the system,
causing a higher tilting torque. The optimal approach here is to design
the reaction wheel to fully leverage the available space within the
housing and place its mass as far from the center of rotation as possible.
This gives the optimum of the reaction wheel’s inertia compared to its
mass.

Moreover, the simulation studies have revealed two important prop-
erties: On the one hand, addressing the potential cantilever oscillations

with the control approach is crucial to stabilize the system. If neglected,
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Fig. 5. (Left) The figure shows the rejection of a disturbance applied to the One-Wheel Cubli when balancing. The angles 𝛼 and 𝛽 are shown in the top two plots. The torque is
shown in the middle plot, where the red envelope indicates the available torque as a function of the wheel speed. The two bottom plots show the speed of the reaction wheel and
the thermal state of the motor. A disturbance in the positive 𝛽-direction is applied manually by dropping an object on one of the end masses. To stabilize the system, the controller
first commands a negative torque, causing 𝛼 to increase as well. Due to the higher natural frequency of the 𝛼-direction, the increase in 𝛼 happens faster than in 𝛽. Subsequently,
a positive torque is applied to recover both angles simultaneously and bring the system back to the upright equilibrium. The applied motor torque causes the wheel speed to first
become slightly negative and then to become clearly positive, imposing an (inactive) constraint on the available motor torque. The 𝐼2𝑡 overheat state of the motor increases as the
applied torque exceeds the maximum continuous torque of 0.5Nm. However, the increase is below 10% of the possible short term overheating of the motor. (Right) The rejected
disturbance is shown in the 𝛼-𝛽-plane, with the time being represented by the color. The diagonal gray lines indicate the level curves of the control input as a (linear) function
of 𝛼 and 𝛽 only (all other states are assumed to be zero). The upper left region corresponds to a positive input torque and the spacing between two level curves is 1Nm. The
system primarily moves in the direction of the level curves, as a deviation from the level curves causes a large control input that regulates the system back towards the zero level
curve. The depicted disturbance corresponds approximately to the maximum disturbance from which the system can recover. It gives an example of the angular range that can
be stabilized.
the excited cantilever oscillations can grow without bounds and desta-
bilize the system. On the other hand, a systematic compensation of the
communication delays is important for reducing the required torque.

Finally, the simulation environment can be used to identify an
initial guess for the tuning of the Kalman filter and the linear-quadratic
regulator.

7.2. Experiments

The results of the experimental evaluation of the One-Wheel Cubli
are presented in this section. Before performing balancing experiments
with two degrees of freedom, a simplified experiment is conducted. By
adding a wedge to the pivot point, one degree of freedom is locked,
which simplifies the task of balancing. Nonetheless, this allows us to
refine the tuning of the Kalman filter and the linear-quadratic regulator
for each degree of freedom separately and also identify initial values for
𝛼CoM and 𝛽CoM in a separate experiment.

The following procedure is applied to identify the tuning of the
linear-quadratic regulator: The weights related to the delayed states,
the angular velocity of the housing, the wheel speed and the cantilever
deflections are set to small values. The input weight is fixed and the
weight related to the tilt angle of the housing (that is not locked) is
increased until the system can successfully balance. If cantilever oscil-
lations occur or the wheel speed is excessively high, the corresponding
weights are increased. The same procedure is repeated for the other tilt
angle.

After successfully stabilizing the pitch and roll directions separately,
the wedge is removed and we consider the problem of controlling
both axes at the same time. Thereby, the previously identified tuning
parameters for the linear-quadratic regulator serve as initial guesses.
They are refined for best performance and finally set to,

𝑄 = diag
(

1 1 1 1 1 1 1
)
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1, ∕10, 1, ∕10, 5, 1, 1, 1, 1, ∕10, ∕10, ∕10, ∕10, ∕10
𝑅 = 20, (23)

with 𝑄 referring to the state cost and 𝑅 to the input cost.
The following tuning is used for the Kalman filter,

𝑉 = diag
(

1∕50, 1∕1000, 1∕50, 1∕500, 2, 1∕500, 1∕500, 1∕500,
1∕500, 1∕100, 1∕100, 1∕100, 1∕100, 1∕100

)

𝑊 = diag
(

1∕1000, 1∕1000, 1∕20000, 1∕20000, 1∕1000
)

, (24)

where 𝑉 and 𝑊 denote the process and measurement noise covariance,
respectively.

The results of the One-Wheel Cubli reliably balancing on its pivot
and rejecting manually applied disturbances are shown in Fig. 5. If left
undisturbed, the One-Wheel Cubli can balance indefinitely (the longest
experiment was stopped after more than an hour of uninterrupted
balancing). The interested reader is referred to the video attachment
of this article to gain an impression of the experiments (https://youtu.
be/mjvJ6-KoqFM).

The behavior of the One-Wheel Cubli recovering from a disturbance
reveals an inherent property of the underactuated system. From Fig. 4,
we can see that a positive input torque causes the One-Wheel Cubli to
move in negative 𝛼 and negative 𝛽-directions. The gain matrix of the
linear-quadratic regulator is,

𝐾 =
(

−24.2 −16.7 25.8 39.7 0.5 −0.1 −5.2 0.1 5.2
)

,

(25)

where the entries related to the delayed states are all zero and not
shown for the sake of brevity. Taking into account the sign convention
as given by (22), we see that a positive deviation in 𝛼 results in a
positive input torque (driving 𝛼 back to zero), while a positive deviation
in 𝛽 results in a negative input torque that causes both 𝛼 and 𝛽 to
increase (as can be seen in Fig. 5). Due to the faster response of 𝛼
(because of its higher natural frequency), the positive torque contri-
bution of 𝛼 eventually becomes dominant, driving both angles back

https://youtu.be/mjvJ6-KoqFM
https://youtu.be/mjvJ6-KoqFM
https://youtu.be/mjvJ6-KoqFM
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Fig. 6. The amplitude spectrum of the torque (top plot) and the 𝛼-direction (bottom
lot) resulting from data collected during a balancing experiment. An enlarged version
f the relevant frequency band is shown in the plots on the right hand side. The three
ifferently colored curves correspond to different values of the natural frequency of
he cantilever oscillation, 𝑓0, assumed by the controller. A correctly estimated value of
0 = 57.2Hz results in the red curve and no oscillations occurring in closed loop. The

blue and green curves result from too low (𝑓0 = 56.2Hz) and too high (𝑓0 = 58.2Hz)
alues of 𝑓0 and indicate considerably larger oscillations in the amplitude spectrum
f both the input torque and 𝛼. Note that the frequencies at which the oscillations
ccur differ from the natural frequencies as we consider forced oscillations happening
n closed loop. Apart from the structural oscillations, the relevant frequencies of the
ontrol input and the angle 𝛼 during the balancing experiment lie below 5Hz.

o zero. This behavior shows that to recover from a disturbance, the
ontroller exploits the time-scale separation of the dynamics (i.e. the
igher natural frequency in 𝛼-direction compared to the 𝛽-direction).

Next, we analyze the importance of systematically addressing the
antilever oscillations and their sensitivity to the associated model
arameters. The dynamics of the cantilever deflections are primarily
etermined by the stiffness parameter 𝑘 and the corresponding natural
requency (not to be confused with the natural frequencies of (1) or
2)). Three scenarios are compared: In the first scenario, the natu-
al frequency of the cantilever oscillation assumed by the controller
atches the true frequency, while in the second and third scenario,

he natural frequency assumed by the controller is either too low or too
igh. The results of this analysis are shown in Fig. 6. The closed-loop
ehavior shows a high sensitivity towards the stiffness of the cantilever.
small deviation leads to a degradation of the control performance and

mphasizes the importance of systematically addressing the flexibility
f the cantilever as done with our control approach. Finally, we verify
hat the movements about yaw are small, which is in line with the
ssumption of Section 4 (and enables us to exclude the yaw dynamics
rom the model).

. Conclusion

This article shows that a 3D inverted pendulum system can balance
n its pivot with a single reaction wheel. The mass moments of inertia
f the two principal degrees of freedom are chosen such that the
atio of the natural frequencies of the associated dynamics fulfills the
ilver ratio, or equivalently maximizes a controllability measure of the
ystem. We derived a nonlinear model of the system, which captures
tructural modes that arise from the lightweight design. We observed
hat an accurate model of these structural modes is important for
alancing in an upright position. Sensory feedback of the attitude and
ody rates is provided by multiple IMUs. These are placed on the
ystem in such a way that the variance of our accelerometer-based tilt
9

estimate is minimal. A calibration approach for the IMU measurements
is presented and compensates for alignment, scale and bias offsets in
the gyroscope and accelerometer readings. We further introduced a
modular filtering approach that is easily tunable, compensates for com-
munication delays, and fully reconstructs the state of the system. The
motor torque is computed with a linear-quadratic regulator that also
compensates for structural vibration modes. We found that a precise
identification of the natural frequency of the cantilever is important to
avoid the excitation of structural oscillations.

Even though the controllability analysis is based on a simplified
model of the system, it fully captures fundamental tradeoffs that arise
from the coupling of the tilt dynamics. As such, the controllability
analysis represents the basis for the mechanical design of the system.

The compromising effect of the potential cantilever oscillations is
addressed purely in software. A state observer provides an estimate of
these oscillations and they are included in the control design. Alterna-
tively, the hardware could be improved by making the cantilever beam
stiffer which would either remove the oscillations completely or at least
move them to frequencies that are significantly above the bandwidth
of the controller. However, such an approach is likely to increase the
weight of the system, which is problematic due to the torque limits of
the motor.

Furthermore, the effect of the cabling used for powering the motor
and the embedded platform could be mitigated by integrating the motor
controller plus a battery on board the One-Wheel Cubli. This would also
increase the weight of the system, but make it self-contained. This will
be investigated in future works.

With our article we hope to stimulate further exciting research with
underactuated robotic systems. We also hope to highlight how powerful
linear analysis tools are, and how they can be used to create new
mechatronic systems with counter-intuitive properties.
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Appendix A. Derivation of the dynamics

In this section, the detailed derivation of the non-linear dynamics
of the One-Wheel Cubli using Lagrangian mechanics is presented. The
derivation is based on the free-body diagram shown in Fig. 4.

First, the variables required to formulate the Lagrangian of the
system are introduced. The four rigid bodies are denoted by lower
case letters as ℎ (housing), 𝑤 (reaction wheel), 𝑒1 (end mass 1) and 𝑒2
(end mass 2). The pivot point is denoted by 𝑂 and the reaction wheel
is attached to the housing in 𝑃 . The center of mass of the housing
s denoted by 𝑆 and assumed to lie between 𝑂 and 𝑄, where the

cantilevers are attached to the housing. The end masses are located at
𝐸1 and 𝐸2. The generalized coordinates of the system are,

𝑞 =
(

𝛼, 𝛽, 𝛾, 𝜑, 𝛿1, 𝛿2
)

. (26)

The following coordinate systems are used in the derivation:

𝐼
𝑥
←←←←←←→
𝛼

𝐶
𝑦
←←←←←←→
𝛽

𝐵
𝑧
←←←←←←→
𝛾

𝐴
𝑧

←←←←←←←←←←←←←←←→
𝜂=𝑐

𝐷
𝑥
←←←←←←←→
𝜑

𝐺 (27)

𝐴
𝑧

←←←←←←←←←←←←←←←←→
𝛿1,2

𝐹 1,2 . (28)

The inertial coordinate system is denoted by 𝐼 . The Euler angle co-
ordinate frames are referred to as 𝐶 (roll), 𝐵 (pitch) and 𝐴 (yaw).
The coordinate frame 𝐷 aligns the direction of rotation of the reaction
wheel with the body fixed frame 𝐴. The coordinate frame 𝐺 is attached
to the reaction wheel and describes its rotational degree of freedom.
The coordinate frames 𝐹 1 and 𝐹 2 are attached to the end masses and
describe the cantilever deflections.

The Euler–Lagrange equation of the system is

𝑑
𝑑𝑡

(

𝜕𝑇
𝜕𝑞̇

)⊤
−
(

𝜕𝑇
𝜕𝑞

)⊤
−
(

𝜕𝑈
𝜕𝑞

)⊤
= 𝑓NP, (29)

here 𝑇 stands for the kinetic energy, 𝑈 for the potential energy and
𝑓NP denotes the non-potential forces related to the motor torque and
antilever damping. Different position vectors are defined, where the
eft subscript denotes the coordinate system to which their coordinates
efer. The right subscript (from left to right) defines from where to
here the vector points,

𝐴𝑟𝑂𝑃 =
(

0, 0, 𝑙P
)

, 𝐴𝑟𝑂𝑆 =
(

0, 0, 𝑙S
)

(30)

𝐴𝑟𝑂𝑄 =
(

0, 0, 𝑙Q
)

, F1
𝑟𝑂E1

=
(

−𝑙E, 0, 𝑙Q
)

(31)

F2
𝑟𝑂E2

=
(

𝑙E, 0, 𝑙Q
)

. (32)

A number of rotation matrices is introduced to convert variables be-
tween the different coordinate systems,

𝐴CI =
⎛

⎜

⎜

⎝

1 0 0
0 cos 𝛼 sin 𝛼
0 − sin 𝛼 cos 𝛼

⎞

⎟

⎟

⎠

, 𝐴BC =
⎛

⎜

⎜

⎝

cos 𝛽 0 − sin 𝛽
0 1 0

sin 𝛽 0 cos 𝛽

⎞

⎟

⎟

⎠

𝐴AB =
⎛

⎜

⎜

⎝

cos 𝛾 sin 𝛾 0
− sin 𝛾 cos 𝛾 0

0 0 1

⎞

⎟

⎟

⎠

, 𝐴DA =
⎛

⎜

⎜

⎝

cos 𝜂 sin 𝜂 0
− sin 𝜂 cos 𝜂 0

0 0 1

⎞

⎟

⎟

⎠

𝐴GD =
⎛

⎜

⎜

⎝

1 0 0
0 cos𝜑 sin𝜑
0 − sin𝜑 cos𝜑

⎞

⎟

⎟

⎠

, 𝐴F1A =
⎛

⎜

⎜

⎝

cos 𝛿1 sin 𝛿1 0
− sin 𝛿1 cos 𝛿1 0

0 0 1

⎞

⎟

⎟

⎠

𝐴F2A =
⎛

⎜

⎜

⎝

cos 𝛿2 sin 𝛿2 0
− sin 𝛿2 cos 𝛿2 0

0 0 1

⎞

⎟

⎟

⎠

,

(33)

where for example 𝐴CI describes a rotation in the positive mathematical
sense from 𝐼 to 𝐶. We introduce the angular velocities,

𝐼𝜔𝐼𝐶 =
(

𝛼̇, 0, 0
)

, 𝐶𝜔𝐶𝐵 =
(

0, 𝛽̇, 0
)

(34)

𝐵𝜔𝐵𝐴 =
(

0, 0, 𝛾̇
)

, 𝐷𝜔𝐷𝐺 =
(

𝜑̇, 0, 0
)

(35)

𝜔𝐴F =
(

0, 0, 𝛿̇1
)

, 𝐴𝜔𝐴F =
(

0, 0, 𝛿̇2
)

, (36)
10

1 2
here for example 𝐼𝜔𝐼𝐶 is the angular velocity obtained by rotating
oordinate system 𝐶 wrt. 𝐼 . The velocities of 𝑃 , 𝐸1 and 𝐸2 are obtained
y applying the differentiation rule for vectors that are expressed in
on-inertial coordinate systems, namely

𝐴𝑣𝑃 = 𝐴𝜔𝐼𝐴 × 𝐴𝑟𝑂𝑃 (37)

1
𝑣E1

= F1
𝜔𝐼F1

× F1
𝑟𝑂E1

(38)

2
𝑣E2

= F2
𝜔𝐼F2

× F2
𝑟𝑂E2

. (39)

ext, the angular velocities of the four rigid bodies can be expressed
ith the help of the previously introduced variables,

𝐴𝛺
ℎ = 𝐴𝜔𝐼𝐴 = 𝐴𝜔𝐼𝐶 + 𝐴𝜔𝐶𝐵 + 𝐴𝜔𝐵𝐴 (40)

= 𝐴AB 𝐴BC 𝐶𝜔𝐼𝐶 + 𝐴AB 𝐵𝜔𝐶𝐵 + 𝐴𝜔𝐵𝐴 (41)

𝐷𝛺
𝑤 = 𝐷𝜔𝐼𝐺 = 𝐷𝜔𝐼𝐴 + 𝐷𝜔𝐷𝐺 = 𝐴DA 𝐴𝜔𝐼𝐴 + 𝐷𝜔𝐷𝐺 (42)

𝐴𝛺
E1 = 𝐴𝜔𝐼F1

= 𝐴𝜔𝐼𝐴 + 𝐴𝜔𝐴F1
(43)

𝐴𝛺
E2 = 𝐴𝜔𝐼F2

= 𝐴𝜔𝐼𝐴 + 𝐴𝜔𝐴F2
. (44)

From these variables, the Jacobi matrices of rotation can be derived,
namely

𝐴𝛺
ℎ = 𝐴𝐽

ℎ
𝑅 𝑞̇ + 𝐴𝜈̄

ℎ
𝑅, 𝐷𝛺

𝑤 = 𝐷𝐽
𝑤
𝑅 𝑞̇ + 𝐷 𝜈̄

𝑤
𝑅 (45)

𝐴𝛺
E1 = 𝐴𝐽

e1
𝑅 𝑞̇ + 𝐴𝜈̄

e1
𝑅 , 𝐴𝛺

E2 = 𝐴𝐽
e2
𝑅 𝑞̇ + 𝐴𝜈̄

e2
𝑅 , (46)

where the 𝜈̄𝑅 account for terms that are independent of 𝑞̇. The left
subscript of 𝐴𝐽

ℎ
𝑅 denotes the coordinate system in which the Jacobi

matrix is expressed, the right subscript stands for rotation (as opposed
to translation) and the superscript denotes the corresponding rigid
body. With the help of the Jacobi matrices, the non-potential forces
acting on the housing can be expressed as,

𝑓ℎ,𝑇
𝑁𝑃 = 𝐴𝐽

ℎ
𝑅
⊤𝐴AD 𝐷𝑇

ℎ,𝑇 (47)

𝑓ℎ,𝐷
𝑁𝑃 = 𝐴𝐽

ℎ
𝑅
⊤ (

𝐴𝑇
ℎ,D1 + 𝐴𝑇

ℎ,D2
)

, (48)

here 𝑓ℎ,𝑇
𝑁𝑃 includes the motor torque and 𝑓ℎ,𝐷

𝑁𝑃 corresponds to the
cantilever damping. The torques acting on the housing are given by

𝐷𝑇
ℎ,𝑇 =

(

−𝑇m, 0, 0
)

(49)

𝑇 ℎ,D1 =
(

0, 0, 𝑑 𝛿̇1
)

(50)

𝑇 ℎ,D2 =
(

0, 0, 𝑑 𝛿̇2
)

. (51)

imilarly, for the reaction torque acting on the reaction wheel,

𝑓𝑤,𝑇
𝑁𝑃 = 𝐷𝐽

𝑤
𝑅
⊤
𝐷𝑇

𝑤, 𝐷𝑇
𝑤 =

(

𝑇m, 0, 0
)

, (52)

nd the reaction torques acting on both end masses,

𝑓 e1
𝑁𝑃 = 𝐴𝐽

e1
𝑅

⊤
𝐴𝑇

e1 , 𝐴𝑇
e1 =

(

0, 0,−𝑑 𝛿̇1
)

(53)

𝑓 e2
𝑁𝑃 = 𝐴𝐽

e2
𝑅

⊤
𝐴𝑇

e2 , 𝐴𝑇
e2 =

(

0, 0,−𝑑 𝛿̇2
)

. (54)

inally, the non-potential forces are combined to,

𝑓NP = 𝑓ℎ,𝑇
𝑁𝑃 + 𝑓𝑤,𝑇

𝑁𝑃 + 𝑓ℎ,𝐷
𝑁𝑃 + 𝑓 e1

𝑁𝑃 + 𝑓 e2
𝑁𝑃 . (55)

With 𝐴𝛩̄
ℎ
𝑂 = diag(𝐼h,x, 𝐼h,y, 𝐼h,z) denoting the housing inertia tensor

rt. 𝑂 and expressed in frame 𝐴, and 𝐷𝛩̄
𝑤
𝑃 = diag(𝐼w,x, 𝐼w,y, 𝐼w,z)

eferring to the reaction wheel inertia tensor wrt. 𝑃 and expressed in
rame 𝐷, the kinetic energy of each rigid body can be written as,

𝑇 ℎ = 1
2𝐴𝛺

ℎ⊤
𝐴𝛩̄

ℎ
𝑂 𝐴𝛺

ℎ (56)

𝑇𝑤 = 1
2
𝑚w 𝐴𝑣

⊤
𝑃 𝐴𝑣𝑃 + 1

2𝐷𝛺
𝑤⊤

𝐷𝛩̄
𝑤
𝑃 𝐷𝛺

𝑤 (57)

𝑇 e1 = 1
2
𝑚e F1

𝑣⊤E1 F1
𝑣E1

(58)

𝑇 e2 = 1
2
𝑚e F2

𝑣⊤E2 F2
𝑣E2

, (59)
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Table A.1
The physical parameters of the One-Wheel Cubli model. The denomination of the parameter, its meaning, value, unit and
identification method are summarized from left to right.

Parameter Meaning Value Unit Identification

𝑙𝑃 Length from 𝑂 to 𝑃 0.133 m CAD
𝑙𝑆 Length from 𝑂 to 𝑆 0.155 m CAD
𝑙𝑄 Length from 𝑂 to 𝑄 0.214 m CAD
𝑙𝐸 Length from 𝑄 to 𝐸1 , 𝐸2 0.5975 m CAD
𝜂 Angle between 𝑒𝐴𝑥 and 𝑒𝐷𝑥 axes 𝜋∕4 rad CAD
𝑚ℎ Mass of housing 1.101 kg CAD
𝑚𝑤 Mass of reaction wheel 0.228 kg CAD
𝑚𝑒 Mass of one end mass 0.304 kg CAD
𝐼ℎ,𝑥 Housing inertia in 𝑒𝐴𝑥 -direction wrt. 𝑂 2.992 × 10−2 m2 kg CAD
𝐼ℎ,𝑦 Housing inertia in 𝑒𝐴𝑦 -direction wrt. 𝑂 5.836 × 10−2 m2 kg CAD
𝐼ℎ,𝑧 Housing inertia in 𝑒𝐴𝑧 -direction wrt. 𝑂 3.023 × 10−2 m2 kg CAD
𝐼𝑤,𝑥 Reaction wheel inertiaa in 𝑒𝐷𝑥 -direction wrt. 𝑃 9.044 × 10−4 m2 kg CAD
𝐼𝑤,𝑦 Reaction wheel inertia in 𝑒𝐷𝑦 -direction wrt. 𝑃 4.117 × 10−4 m2 kg CAD
𝐼𝑤,𝑧 Reaction wheel inertia in 𝑒𝐷𝑧 -direction wrt. 𝑃 4.117 × 10−4 m2 kg CAD
𝑘 Spring constant 1.080 × 104 Nm rad−1 First-principles
𝑑 Damping constant 0.435 Nms rad−1 Tuning
𝑔0 Gravitational acceleration 9.81 ms−2 –

aThis includes the rotational inertia of the motor.
A
c
d
f
d

a
𝐴
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m
c
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here the end masses are modeled as point masses and off diagonal
ass moments of inertia are neglected. The combined kinetic energy

f the system is

= 𝑇 ℎ + 𝑇𝑤 + 𝑇 e1 + 𝑇 e2 . (60)

he potential energies of the four rigid bodies are comprised of the
ravitational potential and the spring potentials for the cantilever
eams, i.e.

𝑈ℎ = −𝑚h 𝐴𝑟
⊤
𝑂𝑆 𝐴𝑔 (61)

𝑈𝑤 = −𝑚w 𝐴𝑟
⊤
𝑂𝑃 𝐴𝑔 (62)

𝑈e1 = −𝑚e F1
𝑟⊤𝑂E1 F1𝑔 + 1

2
𝑘𝛿21 (63)

𝑈e2 = −𝑚e F2
𝑟⊤𝑂E2 F2𝑔 + 1

2
𝑘𝛿22. (64)

hereby, the gravity vector points in the negative 𝑧-direction when
xpressed in the inertial coordinate system,

𝑔 =
(

0, 0,−𝑔0
)

. (65)

he combined potential energy of the system is,

= 𝑈ℎ + 𝑈𝑤 + 𝑈e1 + 𝑈e2 . (66)

inally, we can formulate the Euler–Lagrange equation of the One-
heel Cubli that provides the six equations of motion for the system,

𝑑
𝑑𝑡

(

𝜕𝑇
𝜕𝑞̇

)⊤
−
(

𝜕𝑇
𝜕𝑞

)⊤
−
(

𝜕𝑈
𝜕𝑞

)⊤
= 𝑓NP. (67)

he equations are derived using a symbolic toolbox. All parameters
sed in the above derivation are summarized in Table A.1. All param-
ters related to mass, mass moment of inertia, and length are obtained
rom the CAD files. The identification of the parameters describing the
antilever oscillation is discussed in Appendix C.

The structure of (67) is known to be,

(𝑞)𝑞 − ℎ
(

𝑞, 𝑞̇, 𝑇m
)

= 0, (68)

hich can be brought to a state space form,

𝑑
𝑑𝑡

(

𝑞
𝑞̇

)

=
(

𝑞̇
𝑀−1(𝑞)ℎ

(

𝑞, 𝑞̇, 𝑇m
)

)

. (69)

Adjusting the ordering of the components in (69), finally gives (10).
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Appendix B. Simplified dynamics for an infinitely stiff cantilever

Under the assumption of the cantilever being infinitely stiff and by
neglecting the weight and inertia of the reaction wheel, the parameters
of (1) and (2), simplify to

𝜋2
𝛼 = 𝑔

2𝑙Q𝑚e + 𝑙S𝑚h

2𝑙2𝑄𝑚e + 𝐼h,x
(70)

𝜋2
𝛽 = 𝑔

2𝑙Q𝑚e + 𝑙S𝑚h

2𝑙2𝐸𝑚e + 2𝑙2𝑄𝑚e + 𝐼h,y
(71)

𝜎 = − 1
𝑔(2𝑙Q𝑚e + 𝑙S𝑚h)

. (72)

ll parameters are summarized in Table A.1. In the case of a flexible
antilever, the expression for 𝜋𝛼 changes because the intermediate
eflection states, (𝛿1, 𝛿̇1, 𝛿2, 𝛿̇2) decouple the inertia of the end masses
rom the 𝛼-direction. The expression for 𝜎 also changes and becomes
ifferent for the 𝛼 and 𝛽-direction for similar reasons.

Appendix C. Cantilever oscillations

The identification of the (torsional) spring constant characterizing
the cantilever oscillations is discussed in this section. The cantilever is
modeled as an Euler–Bernoulli beam that is fixed at one end and has
a mass attached to the other end (see [23]). Thereby, the supporting
triangle between cantilever and housing is neglected. The geometry of
the hollow tube profile is defined by the inner diameter (2.2 × 10−2 m)
nd the outer diameter (2.4×10−2 m) resulting in a cross-sectional area,
= 7.225×10−5 m2, and an area moment of inertia, 𝐽 = 4.787×10−9 m4.

he density of the carbon tube is 𝜌 = 1.560×103 kg∕m3 and the Young’s
odulus 𝐸 = 2.50 × 102 GPa. The eigenfrequencies are given by the

haracteristic equation (see [23, p. 248]),

+ cosh(𝜅𝑙) cos(𝜅𝑙) + 𝜆𝜅𝑙
(

sinh(𝜅𝑙) cos(𝜅𝑙) − cosh(𝜅𝑙) sin(𝜅𝑙)
)

= 0, (73)

here 𝜆 = 𝑚e∕𝜌𝐴𝑙 = 5.16 defines the ratio of the end mass to the
antilever mass. The length of the cantilever that is unsupported by
he housing is 𝑙 = 0.523m (note that this length is smaller than 𝑙E as
sed in the dynamics derivation). Numerically solving the characteristic
quation for the lowest eigenmode gives 𝜅0 = 1.65m−1. This gives an
nitial guess for the lowest eigenfrequency of the cantilever,

𝑓 =
𝜅0

2√
𝐸𝐽 = 44.8Hz. (74)
0 2𝜋 𝜌𝐴



Mechatronics 91 (2023) 102965M. Hofer et al.
The torsional spring constant is then given as,

𝑘 = 𝑚e 𝑙
2(2𝜋𝑓0)

2. (75)

As a consequence of the neglected supporting triangle, the true natural
frequency of the system, and consequently the torsional stiffness, is
likely to be higher. The natural frequency is fine-tuned during exper-
iments performed on the real system. The excitation of oscillations is
minimized for 𝑓0 = 57.2Hz with a corresponding torsional stiffness of
𝑘 = 1.08 × 104 Nm rad−1.

The sensitivity of the closed-loop behavior towards the normalized
damping parameter of the cantilever is considerably smaller than its
stiffness parameter. It is tuned for best performance in closed-loop ex-
periments, where a value of 𝛿 = 2.6 s−1 is identified. The corresponding
torsional damping parameter is

𝑑 = 2𝑚e 𝑙
2𝛿 = 0.43Nm s rad−1. (76)
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